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The new 4D geometry whose Killing vectors span the Poincare´ algebra is presented and its structure
is analyzed. The new geometry can be regarded as the Poincare´-invariant solution of the degenerate
extension of the vacuum Einstein field equations with a negative cosmological constant and provides
a static cosmological space-time with a Lobachevsky space. The motion of free particles in the space-
time is discussed.
PACS: 03.30.+p, 04.20.Cv, 02.20.Sv, 02.90.+p
The Poincare´ symmetry is the foundation of Einstein’s special relativity, relativistic field theories
in Minkowski space-time, particle physics, as well as the Poincare´ gauge theories of gravity, etc. It
is well known that conventionally only the Minkowski space-time is invariant under global Poincare´
transformations.
Recently, it has been found that, similar to kinematic symmetry [1], there is another Poincare´ symmetry
that preserves the Minkowski lightcone at origin [2, 3].
In this Letter, we present a new nontrivial four-dimensional (4D) geometry with the new kinematic
Poincare´ symmetry and to explore its geometric structure. We show that the new geometry is the solution
of the degenerate extension of the vacuum Einstein field equations with a negative cosmological constant
and provides a static cosmological space-time with a Lobachevsky space. The motion of free particles in
the space-time is also discussed.
In the algebraic point of view, an algebra is said to be Poincare´ one if
(1) it is isomorphic to iso(1, 3) algebra;
(2) the unique Abelean ideal of the iso(1, 3) algebra is regarded as a translation sub-algebra and is
divided into the time translation and space translations as a 1D and a 3D representation, respectively,
of so(3) sub-algebra of the so(1, 3) sub-algebra; and
(3) the algebra is invariant under the suitable parity and time-reversal operations defined in Ref. [1].
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2Clearly, in the above algebraic sense, the generator set (H,Pi,Ki, Ji) with
H = ∂t, Pi = ∂i,
Ki = (t∂i +
1
c2
xi∂t), Ji = ǫ
k
ij x
j∂k.
(1)
spans a Poincare´ algebra p of the ordinary Poincare´ transformation group
x′
µ
= Lµνx
ν + laµ, L ∈ SO(1, 3), (2)
where l is a constant having dimension of length, and aµ are dimensionless parameters.
Remarkably, there exists another generator set (H ′, P ′i ,Ki, Ji),
H ′ = −c2l−2txκ∂κ (= cP
′
0), P
′
i = l
−2xixκ∂κ,
Ki = (t∂i +
1
c2
xi∂t), Ji = ǫ
k
ij x
j∂k,
(3)
which also spans a Poincare´ algebra in the above sense [2, 3],
[H ′, P ′i ] = 0, [H
′,Ki] = P
′
i , [H
′, Ji] = 0,
[P ′i , P
′
j ] = 0, [P
′
i ,Kj] =
1
c2
H ′δij , [P
′
i , Jj ] = −ǫ
k
ij P
′
k,
[Ki,Kj] =
1
c2
ǫ kij Jk, [Ki, Jj ] = −ǫ
k
ij Kk, [Ji, Jj ] = −ǫ
k
ij Jk,
(4)
where the indexes are lowered and raised by ηµν = diag(1,−1,−1,−1) or −δij . They are the generators
of the Poincare´ transformation group [4]
x′
µ
=
Lµνx
ν
1 + l−1bµxµ
(5)
with dimensionless parameters bµ.
It should be noted that the new generator set does not generate the isometry of the Minkowski space-
time. Instead, it preserves all straight lines (including timelike, null, and spacelike ones) through the
origin in the Minkowski space-time. Therefore, the Poincare´ group with the new generator set is referred
to as the second realization of Poincare´ group (or the second Poincare´ group, for brevity,) and denoted
as P2 in the following.
1 The transformations generated by the new set of generators are called the second
Poincare´ transformations, H ′ and P ′i are named the pseudo-translations [2, 3] or p2-translations.
It is natural to ask: is there a 4D geometry which is invariant under the second Poincare´ transforma-
tions?
The following no-go theorem answers the question in conventional way. There is no tensor field g =
gµν dx
µ ⊗ dxν with the following three conditions satisfied simultaneously:
(1) g is smooth;
(2) g is non-degenerate everywhere; and
(3) g is invariant under the p2-translations. The proof of the theorem can be found in Ref. [7].
It implies that the metric invariant under the P2 transformations (P2-invariant, for brevity,) on the
4D underlying manifold must be degenerate if it exists. For a degenerate geometry, more geometric
information should be assigned.
1 The group defined here should be distinguished from the group defined by Aldrovandi et al [5, 6].
3It can be checked that (M, g,h,∇) is invariant under P2 transformations, where g is a 4D type-(0,2)
degenerate symmetric tensor field
g = gµνdx
µ ⊗ dxν
=
l2
(x · x)2
(ηµνηρτ − ηµρηντ )x
ρxτdxµdxν , (6)
h is a 4D type-(2,0) degenerate symmetric tensor field
h = hµν∂µ ⊗ ∂ν = l
−4(x · x)xµxν∂µ∂ν (7)
with x · x = ηµνx
µxν > 0, and ∇ is a connection compatible to g and h, i.e.
∇λ gµν = ∂λgµν − Γ
κ
λνgµκ − Γ
κ
µλgκν = 0 (8)
and
∇λ h
µν = ∂λh
µν + Γνλκh
µκ + Γµλκh
κν = 0, (9)
respectively, with connection coefficients,
Γµνλ = −
(xνδ
µ
λ + δ
µ
ν xλ)
x · x
. (10)
In other words, ∀ξ ∈ p2 ⊂ Γ(TM),
Lξg = gµν,λξ
λ + gµλ∂νξ
λ + gλν∂µξ
λ = 0, (11)
Lξh = h
µν
,λξ
λ − hµλ∂λξ
ν − hλν∂λξ
µ = 0, (12)
[Lξ,∇] = 0, (13)
are valid simultaneously, or Eqs.(6), (7), and (10) are invariant under the coordinate transformation (5)
and its inverse transformation,
x =
L−1x′
1− l−1(b · L−1x′)
=
L−1x′
1− l−1(b′ · x′)
. (14)
The curvature tensor of the space-time is, by definition,
Rσµνρ = ∂νΓ
σ
µρ − ∂ρΓ
σ
µν + Γ
σ
τνΓ
τ
µρ − Γ
σ
τρΓ
τ
µν
= l−2(δσν gµρ − δ
σ
ρ gµν). (15)
It is antisymmetric in the latter two indexes and satisfies the Ricci and Bianchi identities. The Ricci
curvature tensor is then
Rµν = R
σ
µνσ = −3l
−2gµν . (16)
They are obviously invariant under P2 transformations. Eqs.(15) and (16) are similar to those of the
non-degenerate maximum-symmetric space-times.
In order to see the manifold more transparently, let us consider the coordinate transformations,
x0 = l2η−1 cosh(r/l),
x1 = l2η−1 sinh(r/l) sin θ cosφ,
x2 = l2η−1 sinh(r/l) sin θ sinφ,
x3 = l2η−1 sinh(r/l) cos θ.
(17)
4Under the coordinate transformation, Eqs.(6), (7), and (10) become
g = −(dr2 + l2 sinh2(r/l)dΩ22), (18)
h = (∂η)
2, (19)
Γ¯ηij = −l
−2ηgij
Γ¯rθθ = −l sinh(r/l) cosh(r/l), Γ¯
r
φφ = Γ¯
r
θθ sin
2 θ
Γ¯θrθ = Γ¯
θ
θr = Γ¯
φ
rφ = Γ¯
φ
φr =
1
l tanh(r/l)
Γ¯θφφ = − sin θ cos θ, Γ¯
φ
θφ = Γ¯
φ
φθ = cot θ
others vanish,
(20)
where an over bar represents that the quantity takes the value in the coordinate system {x¯0, x¯i} =
{η, r, θ, φ}. Clearly, Eqs. (18) and (19) define the non-degenerate 3D metric g3 and 1D contravariant
metric h1, respectively. The above structures show that the manifold is locally R × H3, where 3D
hyperboloid H3 has unit ‘radius’. Under the P2-transformations (5), points run on R × H3. The points
satisfying 1 + l−1b · x = 0 will be transformed to infinity in the new coordinate system x′ under the
coordinate transformation (5). In particular, when Lµν = δ
µ
ν , they correspond to the points being
transformed from (η, r, θ, φ) to (0, r, θ, φ). Eqs(18), (19), (20) and the above transformation property
show the geometric structure can be smoothly extended to η = 0 and η < 0. Therefore, the manifold is
R×H3 globally.
The Ricci curvature (16) reads in the new coordinate system
R¯µν = 3l
−2diag(0, 1, sinh2(r/l), sinh2(r/l) sin2 θ). (21)
Compared with the reduced vacuum Einstein field equation with a cosmological constant
Rµν = Λgµν , (22)
the new geometry may be regarded as the P2-invariant solution of the degenerate extension of the vacuum
Einstein field equation with the cosmological constant −3l−2. The solution provides a static cosmological
space-time with a Lobachevsky space.
Recall that the Ashtekar extension of general relativity admits the degenerate geometries [8, 9], which
satisfy the gauge, vector, and scalar constraints. For the solution, the non-zero components of the
densitized triad and Ashtekar connection2 Aia = Γ
i
a read
E˜r1 = l
2 sinh2(r/l) sin θ,
E˜θ2 = l sinh(r/l) sin θ,
E˜φ3 = l sinh(r/l),
(23)
and
Γ3θ = cosh(r/l),
Γ1φ = cos θ,
Γ2φ = − cosh(r/l) sin θ,
(24)
2 In this case, the extrinsic curvature has no good definition.
5respectively. The constraints are
DaE˜
a
i = ∂aE˜
a
i − ǫ
k
ij Γ
j
aE˜
a
k = 0 (25)
F iabE˜
a
i = 0, (26)
ǫ jki F
i
abE˜
a
j E˜
b
k = l
−2ǫijkη˜abcE˜
a
i E˜
b
j E˜
c
k, (27)
where
F iab = 2∂[aΓ
i
b] − ǫ
i
jkΓ
j
aΓ
k
b . (28)
Remember that the indexes are lowered and raised by ηµν = diag(1,−1,−1,−1) and thus −δij . It is
obvious that
dE˜ai
dη
= 0,
dAia
dη
= 0.
(29)
It again corresponds to the static solution with Λ = −3l−2 [10].
Furthermore, the 4D volume element on the manifold, defined by
ǫ = l2 sinh2(r/l) sin θdη ∧ dr ∧ dθ ∧ dφ, (30)
is invariant under the P2-transformations, so the manifold is orientable. Moreover, the tensor h defines
an invariant vector field ∂η which is regular on the whole manifold. Compared with the Newton-Cartan
case, it gives an absolute time direction and, therefore, the space-time is obviously time orientable.
In addition, one may prove that the obtained covariant degenerate metric g, contravariant degenerate
metric h and the connection ∇ are unique, nontrivial, compatible ones which are invariant under the
p2-transformations. The detailed discussions are presented in Ref. [7].
If the motion for free particles is still determined by the geodesic equation
d2xµ
dλ2
+ Γµνλ
dxν
dλ
dxλ
dλ
= 0, (31)
as usual, it gives rise to the ‘uniform rectilinear’ motion
xi = aix0 + lbi (32)
with dimensionless constants ai and bi, in which x0 and xi are regarded as the ‘temporal’ and ‘spatial’
coordinates, respectively. In the H3 space, one may introduce the Beltrami coordinates z
i = lxi/x0.
Then, Eq.(32) reads
zi =
bi
cosh(r/l)
η + lai. (33)
When r ≪ l, it reduces to zi = biη+ lai. This is a uniform rectilinear motion, because η and zi are time
and spatial coordinates, respectively, in the conventional sense.
The ‘uniform rectilinear’ motion (32) can also be obtained from the Lagrangian
L =
mlc
x · x
√
(ηµνηητ − ηµηηντ )xηxτ x˙µx˙ν . (34)
6The Euler-Lagrangian equation is equivalent to
[(x · x)(x˙ · x˙)− (x · x˙)2]x¨κ + (x˙ · x¨)[(x · x˙)xκ − (x · x)x˙κ]
+(x · x¨)[(x · x˙)x˙κ − (x˙ · x˙)xκ] = 0.
The nonzero determinant of its coefficients for x¨ requires x¨κ = 0.
It should be noted that even though c is finite and invariant in the theory, it does not serves as a limit
speed. It only appears in x0- or η-expression to ensure their dimension to be L. Similarly, l is not any
limit length though it is finite and invariant.
In conclusion, in addition to the ordinary Poincare´ group preserving the metric of Minkowski space-time,
there is the second Poincare´ symmetry preserving the geometric structure (M, g,h,∇). A remarkable
feature for the new geometry (M, g,h,∇) is that it is somewhat like the Galilei and Carroll space-times
in which the metrics of space and time split, i.e. one may introduce the non-degenerate metrics for the
space and time separately. Therefore, the new kinematics is non-relativistic-like in this sense.
From the algebraic point of view, p2 algebra has the SO(1, 3) isotropy in which Ki serve as the boost
and (H ′, P ′i ) as the pseudo-translation generators. The geometrical analysis, however, shows that the
generators may have very different meaning from those appear in the algebra. In fact, now the space
‘translations’ on H3 are generated by Pi = ∂zi + l
−2ziz
j∂zj =
c
l
Ki −
l
x0
P ′i (where zi = −z
i) instead of
P ′i , while the boost generators Ki = c
−1zi∂z0 =
l
c
P ′i with z
0 = l
2
x0
. Therefore, the ‘translations’ in the
space-time with p2 symmetry are no longer generated by the Abelean ideal in the algebra and SO(1, 3)
subgroup is no longer the isotropy of the space-time at each point. The isotropic group of the manifold
is now ISO(3) and the space-time is thus the homogeneous space
M = ISO(1, 3)/ISO(3). (35)
It is a new geometry satisfying all three assumptions in Ref. [1].
On the new space-time, the motions of free particles can be well defined. The mechanics, field theories
and even gravity on the space-time need to be investigated in order to clarify the application of the new
space-time.
It is straightforward to generalize the 4D degenerate geometries to higher dimensional degenerate
geometries. On the other hand, in the higher dimensional theories, there may also be the second Poincare´
group as its subgroup of symmetry. Hence, the geometric structure may appear in a higher dimension.
Finally, the transformations (5) are in fact the subset of the linear fractional transformations with
common denominator. Thus, it is closely related to the principle of relativity with two invariant constants
[2, 3]. The relation of new geometry of the second Poincare group with these issues and the physical
applications still need to be explored further.
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